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[1]. , $C$ , $1+(1-q)C>0$ , $\exp_{q}$ $q$-
$[2][3|$ .
1 ($q$ , $q$- ) $q\in \mathbb{R}^{+}$ . $\mathbb{R}$
$\exp_{q}x:=[1+(1-q)x]_{+}^{\star_{-q}}$ (3)









, $\otimes_{q}$ . $\otimes q$ q- $[4|[5|$ .
2 ($q$- ) $x,$ $y>0$ ,
$x\otimes_{q}y$
$:=[x^{1-q}+y^{1-q}-1]_{+}^{T-q}\llcorner$ (8)
$x$ $y$ $q$ - .
$\otimes q$ . $q$- $q$- $n!_{q}$ [6].
3 ( ) $n\in N$ $q\in \mathbb{R}^{+}$ ,
$n!_{q}:=1\otimes_{q}\cdots\otimes_{q}n$ . (9)
$q$ - .
$q$- $n!_{q}$ . q- [6].
4 (q- ) $n\in N$ . .
$\ln_{q}(n1_{q})\simeq\{\begin{array}{ll}\frac{n}{2-q}\ln_{q}n-\frac{n}{2-q}+O(\ln_{q}n) i\int q\neq 2,n-\ln n+O(1) if q=2. \end{array}$ (10)
$\otimes q$ . $q$- $\emptyset q$ $[4][5]$ .
$\exp_{q}(x)\emptyset q\exp_{q}(y)=\exp_{q}(x-y)$ , (11)
$\ln_{q}(x\emptyset_{0}y)=\ln_{q}(x)+\ln_{q}(y)$ . (12)
5 ($q$ - ) $x,$ $y>0$ ,
$x\copyright_{q}y:=[x^{1-q}-y^{1-q}+1]_{+}^{\star_{-q}}$ (13)
$x$ $y$ $q$- .
2
$q$- $\otimes q$ $q$- $\emptyset q$ . $q$- [6].
6($q$ - ) $n=\Sigma_{i=1}^{k}$ ni $n_{i}\in N(i=1, \cdots, k)$ .
$\{n_{1} n n_{k}\}:=(n!_{q})\emptyset_{q}[(n_{1}!_{q})\otimes_{q}\cdots\otimes_{q}(n_{k}\downarrow_{q})]$ (14)
$q$ - .
$q$- , $q$- . q- , Boltzmann .
Tsallis [6].
7 (Boltzmann ) $n$ , $q$- (14) q- . Tsallis
.
$\ln_{q}\{n_{1} n n_{k}\}\simeq\{\begin{array}{ll}\frac{n^{2-q}}{2-q}\cdot S_{2-q}(\frac{n_{1}}{n}, \cdots, \frac{n_{k}}{n}), q\neq 2 \text{ },-S_{1}(n)+\sum_{1=1}^{k}S_{1}(n:), q=2\emptyset \text{ }1.\end{array}$ (15)
. $S_{q}$ $T\epsilon alli\epsilon$ :
$1- \sum p_{i}^{q}k$
$s_{q}(p_{1}, \cdot\cdot,p_{k});=\frac{=1}{q-1}$ , (16)
$S_{1}(n)$ .
$S_{1}(n)$ $:=\ln n$ . (17)
(15) , $q\neq 2$ , Tsallis (additive duality) $qrightarrow 2-q$
. Boltzmann . , .
, (multiplicative duality) $q rightarrow\frac{1}{q}$ q-triplet,
multifractal-triplet 4 , [7].
, $\neq_{x}^{d}=y^{q}$ $Tsalli_{8}$ .
, Tsallis 1988 Tsallis ,
[8], , $\#^{d}=y^{q}$ q-
$q$- , Boltzmann , Tsallis
[ $1|$ . Tsallis , q-
, . , ,
, , . , q- .
, Tsallis $[9|[10|$ .
, , Tsallis






Yes , , . , Tsalli8 ,
$D$ , .
$\frac{S_{q}(p_{1},\cdots,p_{N})}{\ln_{q}D}\leq\sum_{i=1}^{N}p_{i}\ell_{i}$ (18)
, $N$ , ( ) .
$D_{j}$ , $D$ .
$\hat{p}_{j}^{q-1}\ln_{q}D_{j}\leq\ln_{q}D$ (19)
, $\hat{p}_{j}$ . $i$ ’ . $i$ ’
. $qarrow 1$ . $D_{j}\leq D$ , , $D$ . , (18)
. $qarrow 1$ . Shannon $D$
. , (18) , Tsallis , Shannon
2.
. , . $q=1$ (18) , Shannon
. , (18) .
2.1 Shannon
, Shannon $D$ . , (18)
$q=1$ .
$\Delta_{n}$ $n$- .
$\Delta_{n}:=\{(p_{1}, \ldots,p_{n})|p:\geq 0,$ $\sum_{1=1}^{n}p:=1\}$ (20)
Shannon-Khinchin $[13, 14]$ , $[SK1]\sim[SK4]$ .
8 $S_{1}(p_{1}, \cdots p_{n})$ $(p_{1}, \cdots p_{n})\in\Delta_{n}$ . Kl/\sim RK41
$S_{1}$ , .
$S_{1}(p_{1}, \cdots,p_{n})=-k\sum_{:-1}^{n}p:\ln p_{i}$, (21)
, $k$ .
$/SKJJgffi$ $:S_{1}(p_{1}, \cdots,p_{n})$ $(p_{1}, \cdots p_{n})\in\Delta_{n}$ .
[$SK2J$ : $S_{1}(p_{1}, \cdots,p_{n})$ $p_{i}= \frac{1}{\mathfrak{n}}(i=1, \ldots, n)$ , .
$S_{1}(p_{1}, \cdots p_{n})\leq S_{1}(\frac{1}{n},$
$\ldots,$
$\frac{1}{n})$ (22)
[SKSJ Shannon g :
$p_{1j}\geq 0,$ $p:= \sum_{j=1}^{m_{i}}p_{1j}\forall i=1,$ $\cdots n,\forall j=1,$ $\cdots m_{i}$ , (23)
2RUnyl . Shannon 1 – $m$ $n_{\text{ ^{}\backslash }\sqrt{}}$ . $p\ell g$
$S_{q}^{R4nyI}|\,$ $T\epsilon allk$ $-S_{q}^{T\iota\cdot 11il}$ &\hslash t\ , $- X\llcorner^{-}S_{C}^{R\ell ny1}=\frac{1}{1-q}\ln(1+(1-q)S_{q}^{\prime r\cdot\cdot 1U})$ . $B\omega$
. A $\delta\hslash\hslash\Re h^{S}r40*\langle 5V^{a}m_{k^{-}}$ CamPbell $b^{1}aer$ [12]. . .
((18) $kb6$ }
$z\epsilon_{\vee}$




$S_{1}(p_{11}, \ldots,p_{nm_{n}})=S_{1}(p_{1}, \ldots,p_{n})+\sum_{i=1}^{n}p_{i}S_{1}(\frac{p_{i1}}{p_{1}}$ , ..., $\frac{p_{im_{1}}}{p_{1}})$ (24)
$/SK4J$ :
$S_{1}(p_{1}, \ldots,p_{n},0)=S_{1}(p_{1}, \ldots,p_{n})$ . (25)
8 [13] . .
(24) Shannon . Shannon
. , .
9 . , 1 .
. . , .
$D$ $D$ .
10 $n$ $j=1,$ $\cdots n$ $N$ $i=1,$ $\cdots N$ . $P:(i=1, \cdots N)$
. d\sim t‘j” , uj” $\hat{p}_{j}$
$\hat{p}_{j}$ $:=p_{j_{1}}+\cdots+p_{j_{d_{j}}}$ $(j=1,\cdots n)$ (26)
. . $p_{j_{1}},$ $\cdots p_{j_{d_{f}}}$ uj” $d_{j}$ . .
$\alpha$.
. . .
$p_{1}\perp\ldots\underline{p_{j_{d_{j}}}}\wedge$ $(j=1,\cdots n)$ . (27)
$\hat{p}_{j}$ $p_{j}$
. (27) , Shannon $S_{1}^{(j)}$ , .
$S_{1}^{(j)}:=S_{1}( \frac{p_{j_{1}}}{\hat{p}_{j}},\cdots\frac{p_{j_{i_{f}}}}{\hat{p}_{j}})$ $(j=1, \cdots n)$ . (28)
, .
$S_{1}( p_{1}, \cdots p_{N})=\sum_{j=1}^{n}\hat{p}_{j}S_{1}^{(j)}$ . (29)
, , .
11 $N=7$ $n=3$ , . $Pt(i=1, \cdots 7)$ $\ovalbox{\tt\small REJECT}$
$(j=1, \cdots 3)$ . .
10 , .
$S_{1}\zeta p_{1},\cdots p_{7})=\hat{p}_{1}S_{1}^{(1)}+\hat{p}_{2}S_{1}^{(2)}+\hat{p}_{3}S_{1}^{(3)}$ (30)
,
$S_{1}^{(1)}:=S_{1}( \frac{p_{1}}{\hat{p}_{1}}\frac{\hat{p}_{3}}{\hat{p}_{1}})$ $\hat{p}_{1}:=p_{1}+\hat{p}_{3}$, (31)
$s_{1}^{(2)}$ $:=S_{1}( \frac{p_{2}}{\hat{p}_{2}},\frac{p_{3}}{\hat{p}_{2}},\frac{p_{4}}{\hat{p}_{2}},\frac{p_{b}}{\acute{p}_{2}})$ $\hat{p}_{2}:=p_{2}+p_{3}+p_{4}+p_{5}$ , (32)




. “n” . $n=1$ , $N$ .
(29) ‘. $n=1$ , (29) .
$S_{1}(p_{1}, \cdots p_{N})=\sum_{j=1}^{k}\hat{p}_{j}S_{1}^{(j)}$ . (34)
(34), , (29) $n=k+1$ . $N$ .
$0$ “V” . $p_{v}(\neq 0)$ . “v” . $\ell$ .
(26) , $p_{v}$ $\ell$ $p_{v_{1}},$ $\cdots p_{w\ell}$ ,
$p_{v}=p_{v\iota}+\cdots+p_{v_{\ell}}$ . (35)
. “v” $\ell$ , . . , $(k+1)$
, $p_{v}$ $\hat{P}k+1$ .
$\hat{p}_{k+1}=p_{v}=p_{v_{1}}+\cdots+p_{v_{\ell}}$ (36)
. , Shannon (24) , $(N-1)+\ell$ Shannon
$S_{1}(p_{1}, \cdots Pv-\iota,Pv_{1} , p_{vp},p_{v+1}, \cdots p_{N})$ .
$S_{1}(p_{1}, \cdots p_{v-1},p_{v_{1}}, \cdots p_{v\ell},p_{\nu+1}, \cdots p_{N})$
$=S_{1}$ $(p_{1}, \cdots ,p_{v}, \cdots ,p_{N})+p_{v}S_{1}(\frac{p_{v_{1}}}{p_{v}}\cdots$ , $\frac{p_{v_{\ell}}}{p_{v}})$ ($\cdot.\cdot$ Shannon $aeg(24)$ ) (37)
$=S_{1}( p_{1}, \cdots p_{N})+\hat{p}_{k+1}S_{1}(\frac{p_{v_{1}}}{\hat{p}_{k+1}}$, $\cdot$ . . $\frac{p_{v_{\ell}}}{\hat{p}_{k+1}})$ $(\cdot.\hat{p}_{k+1}=p_{v}(36))$ (38)
$= \sum_{j=1}^{k}p_{j}s_{1}^{(j)}+\hat{p}_{k+1}S_{1}^{(k+1)}$ ( $\cdot.\cdot$ (34) (28)) (39)
$= \sum_{j=1}^{k+1}\hat{p}_{j}S_{1}^{(\dot{p})}$ (40)
(34) , (29) $n=k+1$ . . .
(29) . $O$




. , $\ell_{i}(i=1, \cdots N)$ , .
. $D$ , . $D$ ( 9). (22)
, $i$ ’ Shannon $S_{1}^{(j)}(28)$ , $\ln D$ .
$s_{1}^{(j)}\leq\ln D$ $(j=1, \cdots n)$ (42)
, $n$ . 10 , $N$ $P1,$ , $PN$
, Shannon $S_{1}(p_{1}, \cdots p_{N})$ .
$S_{1}(p_{1}, \cdots p_{N})=\sum_{j=1}^{n}\hat{p}_{j}S_{1}^{0)}\leq\sum_{j=1}^{n}\dot{p}_{j}\ln$ D. (43)
. .
$\frac{S_{1}(p_{1},|p_{N})}{\ln D}\leq\sum_{j=1}^{n}\hat{p}_{j}$ . $(u)$
$\hat{p}_{j}$ , ,
$\sum_{j=1}^{n}\hat{p}_{j}=\sum_{:=1}^{N}p\ell$ (45)
. ( 11 . $\sum_{j=1}^{3}\hat{p}_{j}=p_{1}\cdot 1+p_{2}\cdot 3+p_{l}\cdot 3+p_{4}\cdot 3+p_{b}\cdot 3+p\mathfrak{g}\cdot 2+p_{7}\cdot 2=\sum_{1-1}^{7}p_{l}\ell_{:}.$ )
, .
(43) , $p_{i}= \prod_{k=1}^{\ell}D^{-1}=D^{-\ell:}(i=1, \cdots N)$ , $\ell_{i}=$
$-1og_{D}p_{i}$ . , [15].
2 , [16] 2.3 .




13 $\Delta_{n}$ (2 $n$ . [$GSKlJ\sim[GSK4J$ $S_{q}$ : $\Delta_{n}arrow R^{+}$
. .
$S_{q}(p_{1}, \ldots,p_{n})=\frac{1-\sum_{:--1}^{\mathfrak{n}}p_{1}^{q}}{\phi(q)}$ (46)
. $q>0$ $\phi(q)$ , $(i)\sim(iv)$ .
(i) $\phi(q)$ $R^{+}$ .q-l , ,\phi $(q)(q-1)>0(q\neq 1)$ ,
(ii) $\lim_{qarrow 1}\phi(q)=\phi(1)=0$ , $\phi(q)\neq 0(q\neq 1)$ ,
$(|ii)$ $(a, 1)U(1,b)(a<1, b>1)$ ,\phi $(q)$ .
(iv)
$\lim\underline{d\phi(q)}\underline{1}-$ $k>0$ .
$/GSK1/^{1}qarrow\ovalbox{\tt\small REJECT}$: $S_{q}$ }
$hk$
$\Delta_{n}$ $q>0$ ,
$/GSK2J$ : $S_{q}$ $P:= \frac{1}{n}(i=1, \ldots, n)$ . .
$S_{q}(p_{1}, \cdots p_{\mathfrak{n}})\leq S_{q}(\frac{1}{n},\ldots,$ $\frac{1}{n})$ , (47)
7
$/GSK3J$ Shannon : (2 , .
$S_{q}(p_{11}, \ldots,p_{nm_{n}})=S_{q}(p_{1}, \ldots,p_{n})+\sum_{t=1}^{n}p_{1}^{q}S_{q}(\frac{p_{i1}}{p_{j}},$ $\ldots,\frac{p_{jm_{i}}}{p_{1}})$ (48)
$/GSK4J$ :
$S_{q}(p_{1}, \ldots,p_{n},0)=S_{q}(p_{1}, \ldots,p_{\mathfrak{n}})$ . (49)
13 [17] . $\phi(q)=q-1$ ,
, (46) Tsallis (16) .
Shannon (24) , (48) Shannnon . Shannon
, (18) . , -* Shannon (48) . $q$-
(14) $q$- Leibnitz) J\mbox{\boldmath $\nu$} [1].
(46) , 10 .
14 10 (2 (27) . (27) $s_{q}^{(j)}$
$S_{q}^{(j)}:=S_{q}( \frac{p_{j_{1}}}{\hat{p}_{j}},$ $\cdots\frac{p_{j_{d_{j}}}}{\hat{p}_{j}})$ $(j=1,\cdots n)$ . (50)
,
$S_{q}(p_{1}, \cdots p_{N})=\sum_{j=1}^{n}(p_{j}^{\wedge})^{q}S_{q}^{(j)}$ . (51)
.
10 . .
14 , $\phi(q)$ . . -n $D$
, $\phi(q)$ . $\phi(q)=q-1$ . , Tsallis (16)
. ( , $k$ $:=1$ . )
$D$ ( 9) , $D_{j}$ ,
$\ln D_{j}\leq\ln D$ $(j=1, \cdots n)$ . (52)
. , $D$ .
15 , $n$ $D_{j}(j=1, \cdots n)$ $i^{n}$ .
, ‘T’
((\ell ). .
$(\hat{p}_{j})^{q-1}\ln_{q}D_{j}\leq\ln_{q}D$ $(j=1, \cdots ,n)$ , (53)
, $D$ .
, $qarrow 1$ , $D$ $D$ . ,
$D$ .
16 $N$ $D$ , $p_{1},\cdots,p_{N}$ $N$
. ,
$\frac{S_{q}(p_{1},\cdots,p_{N})}{\ln_{q}D}\leq\sum_{:=1}^{N}p_{1\ell_{:}}$ (64)
. , $\ell_{i}(i=1, \cdots N)$ , .
8
. (47) , $s_{q}^{(j)}$ $\ln_{q}D_{j}$ .
$s_{q}^{(j)}\leq\ln_{q}D_{j}$ $(j=1, \cdots n)$ (55)
, $n$ . 14 , $N$ $p_{1},$ $\cdots p_{N}$ .
Tsallis $S_{q}(p_{1}, \cdots p_{N})$ .









12 , $\sum_{j=1}^{n}\hat{p}_{j}=\sum_{1=1}^{N}p_{1}\ell_{1}$. , . $\square$
(57) (59) , $P:= \prod_{k=1}^{\ell}(D_{(k)})^{-1}(i=1, \cdots N)$ , $D_{(k)}$ ,
$D_{(k+1)}$
$;=\lfloor_{A_{\text{ }}^{D_{(1)}:}}\exp_{q}((D_{(k)})^{q-1}\ln_{q}D_{(k)})$
, –\epsilon D\yen \mbox{\boldmath $\tau$}*\not\in bg\mbox{\boldmath $\tau$} $\lfloor\cdot\rfloor$ \hslash ugg*\mbox{\boldmath $\tau$} ,. $D\overline{\pi}m$ $nn$
. (2 $\{0,1\}$ , $D$ ) $D$ .
$D$ . . , $D_{j}\leq D$ .
. $D$ , 15 , $D_{j}$ $\hat{p}_{j}$ . $D_{j}>D$ .
, $q>1$ , $D_{j}>D$ . , $0<q\leq 1$ , $0<\hat{p}_{j}\leq 1,\ln_{q}D_{j}>0$ ,
15,$q$- $\ln_{q}x$ , $D_{j}\leq D$ . , $0<q\leq 1$
. $D_{j}\leq D$ , $D$ Shannon $S_{1}$ . ,
$0<q\leq 1$ . $S_{1}\leq S_{q},$ $\frac{S_{1}}{\ln D}\leq\frac{S_{q}}{\ln_{q}D}$ . , $q>1$ , $D_{j}>D$ .
Tsallis $D$ . 1
.
17 $N=7,$ $D=2,$ $q=1.5$ . :
$(p_{1},p_{2},p_{3},p_{4},p_{5},p_{6},p_{7})=( \frac{17}{32}\frac{1}{32}\frac{2}{32}\frac{3}{32’}\frac{4}{32’}\frac{2}{32’}\frac{3}{32})$ (61)
. , Shannon .
$\frac{S_{1}(p_{1},\cdots,p_{7})}{\ln 2}=2.16$ . (62)
, $p_{1},$ $\cdots p_{7}$ 1 7 . . (S1)\sim (S .
$\hat{p}_{1}=1$ , $\hat{p}_{2}=\frac{5}{16}$ , $\hat{p}_{3}=\frac{15}{32}$ . (63)




, ( 1) . $D$ .
16 , $D$ ,
$\frac{S_{q}\zeta p_{1},\cdots,p_{7})}{\ln_{q}2}=1.62$ . (65)
.
, $D$ , ,
. , $D$ $D_{j}$ . .
, . ,
. . , $D_{j}+1$ , ( ) ( )
( , $D_{j}$). ,
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